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Let’s begin with an activity. We assume here that we are comfortable with the
notion of “area” for simple shapes. But, again, this is an undefined notion and any
conclusions we make based on the study of area should be questioned.

DRAWING SQUARES ON A SQUARE LATTICE
A square lattice is a collection of dots arranged in a regular array as shown:

On such a lattice it is possible to draw squares of areas 1, 4, and 9 units, for
instance, with each corner of the square at the location of a dot:

CHALLENGE 1: Draw a square of area 25 on the square lattice above.
CHALLENGE 2: It is possible to draw a square of area 2 on a square lattice. Do
you see how? (Remember, each corner of the square must lie on a dot.)
Try this before turning the page to see the answer.
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Here’s a square of area 2. Do you see that it is composed of four triangles each of
area ½ ?

CHALLENGE 3: Draw a tilted square of area 5 and one of area 8.
For each of the numbers 1 through 20 try to draw a square of that area.

(OPTIONAL) CHALLENGE 4: Show that it is possible to draw a tilted square of
area 25. (Presumably you drew a non-tilted version to answer challenge 1.)
Hard (optional) challenge: What is the next number that can be represented in two
fundamentally different ways as the area of a square on a square lattice?
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Here’s one way to compute the area of a tilted square. Enclose it in a (non-)tilted
square, compute the area of that large square, and subtract from that area the
area of the four triangles that lie in the corners of the large square. (Notice that
each triangle is half a rectangle.)

Incidentally, since the area of tilted square is 13, the length of one of its sides
must be 13 .
CHALLENGE 5: Draw a tilted square and use it to explain why the length of this
line segment is

5.

Draw another line segment on a square lattice of length
of length

20 .

8 and another
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(OPTIONAL) CHALLENGE 6: Do you think that there exists a tilted square of
area 3? How about one of area 11? Equivalently, do you think it is possible to draw
line segments of lengths

3 and 11 on a square lattice?

CHALLENGE 7: Find a formula for the length of a line segment that extends over
a “run” of a units and a “rise” of b units.

Use the following diagram to help you out:

(Notice that each triangle, being half a rectangle, has area

1
ab , and the large
2

square has area ( a + b) 2 . So what then is the area of the tilted square?)
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ULTIMATE CHALLENGE: Write a list of all the numbers up to fifty that can
appear as the area of a square on a square lattice. What property must a number
possess in order to be on this list?
Comment: One can be systematic in the search for possible areas of squares. Start
by drawing non-tilted squares and then listing all the tilted squares that lie within
them.

So far we have the list: 1, 2, 4, 5, 8, 9, 10, 16.
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PYTHAGORAS’S THEOREM
Let’s launch right into it.
A right triangle is a triangle containing a corner like that of a rectangle (namely,
one of measure 90o ).
Suppose we draw a right triangle, draw a square in each of its sides, and label the
areas of the squares I, II, and III as shown.

Question: Is there any relationship between areas I, II, and III?
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It is well known that:

Area I + Area II = Area III
In fact, if we label the side-lengths of the triangle a, b and c, then the areas of the
three squares are a 2 , b 2 , and c 2 and we have:

This result is called Pythagoras’s theorem.
Comment: Many people have been so programmed to recite “ a 2 + b 2 = c 2 ” without
realizing that Pythagoras’s theorem is really a statement about the areas of
squares!
Question: Have you ever proved the theorem to be true?
Pythagoras’s theorem, of course, was certainly known to Pythagoras and his Greek
contemporaries of 500 B.C.E.. It was also known to the ancient Egyptians and
ancient Chinese many centuries before the Greeks.
If you completed challenge 7 of the opening activity to this unit, then you came
very close to proving Pythagoras’s theorem for yourself. It is interesting to note
that Chinese scholars of ancient times produced a particularly elegant proof of the
result. The text Chou pei Suan Ching (The Arithmetic Classic of the Gnomon and
the Circular Paths of Heaven) - believed to be a summary of all the mathematical
knowledge possessed by the Chinese up to the third century C.E. (starting from as
early as 1100 B.C.E.) - contains a single revealing picture. Indian mathematician
Bhaskara (c.a. 1114-1185 C.E.) published the same picture in his text Lilivati with a
single word below it. He too knew this was enough to prove Pythagoras’s theorem.
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Here is the picture and the word.

When mathematical historians came across this page in Lilivati and in Chou pei Suan
Ching they concluded that ancient scholars, besides Pythagoras, knew Pythagoras’s
theorem and knew how to prove it! Can you see how this picture supplies a proof?
Perhaps more than just the single word “BEHOLD” is required!
Let’s explain the Chinese proof.
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THE CHINESE PROOF
This is a physical proof, so you might want to take out some paper and scissors and
actually do what is described next.
We wish to show that area I + area II = area III in the following picture:

STEP 1: Cut out four copies of the same right triangle and arrange them in a big
square just as the ancient Chinese scholars suggest.

Notice that the white space in the figure is precisely area III (a square of sidelength the longest side of the triangle).
WHITE SPACE = area III
STEP 2: Observe that if we were to rearrange the triangles inside the square –
making sure that the triangles never venture outside the square and never overlap –
then the amount of white space about the four triangles remains the same.

CHALLENGE: Can you arrange the four triangles within the square so that either
area I or area II (or both) appear?
Try playing with this before turning the page.
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Look at this! (That is, BEHOLD!) Arrange the triangles this way to see both areas I
and II appearing simultaneously.

The space about the four triangles must still match area III, but this picture
clearly shows that the space is area I plus area II.
This establishes:
area I + area II = area III

We have now established Pythagoras’s theorem:

PYTHAGORAS’S THEOREM: For a right triangle with sides of lengths p, q and r,
with r the length of the side opposite the right angle, we have:

p2 + q2 = r 2

Comment: The names of the sides-lengths of the triangle are immaterial. I’ve called
them p, q and r here just to be different.
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ANOTHER COMMENT: Mathematicians would question the legitimacy of the proof
we’ve offered here. What properties of space have we assumed hold true that
makes the “amount” of white area stay constant? Do four triangles really fit inside
a square to make another perfect square in the center? We really should examine
these questions carefully and highlight the fundamental assumptions we make.
(Another concern … What is “area”? This is another undefined term, yet we have
made significant use of our intuitive understanding of what is means.)
Hopefully, one can align this proof with the fundamental postulates of geometry.
We shall do this in a later section (once we begin working with the SAS postulate in
geometry) but for now, let’s take a slightly different approach.
We would like to believe that the issues that worry some in the proof we offered
are not problematic and will “sort themselves out” upon close examination. We like
to believe that space and geometry work the right way to make Pythagoras’s
theorem hold true.
Let’s take this as a fundamental assumption of geometry:
OUR SECOND FUNDAMENTAL ASSUMPTION OF GEOMETRY:
Pythagoras’s Theorem holds true

Motivated by the intuitive proof we will, from now on, accept Pythagoras’s theorem
as valid. (Choosing not to is also fine. This will simply lead to a different type of
geometry that is equally valid.)
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PRACTICE EXERCISE: Find the missing lengths in the following right triangles:

PRACTICE EXERCISE: a) Use Pythagoras’s theorem to find the length of the
diagonal of a unit square.

b) Use Pythagoras’s theorem to find the area of the tilted square drawn on the
diagonal of a 2 × 5 rectangle:
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PRACTICE EXERCISE: A triangle has two angles equal in measure and a third angle
equal to the sum of the two congruent angles. The triangle also happens to have two
congruent sides, each of length 3 inches. What is the length of the third side of
the triangle and why?
PRACTICE EXERCISE: Find x for each of these equilateral triangles. (For the
third problem, find a formula for x in terms of the number a.)

PRACTICE EXERCISE: What is the missing length in the triangle that is 2 inches
high? (Assume that the height of the triangle is measured from the base of the
triangle to the apex of the triangle at an angle of 90o )

WARNING: This triangle is not a right triangle!
PRACTICE EXERCISE: Find the length of the line segment AB given as the
interior diagonal of the rectangular box shown:
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PRACTICE EXERCISE: A SURPRISING RESULT
The Australian railway system has a problem in the hot Australian heat – the metal
of the railroad track expands, causing the tracks to buckle and bulge.
Imagine a length of 1000 feet of track and suppose this section expands a mere 2
feet to a total length of 1002 feet.
For simplicity, assume that the bulge created in the track is an isosceles triangle.

Question: How high is the bulge? What do you think of the answer? Are you
surprised?
PRACTICE EXERCISE: TV screens are rectangular with sides often in a 4:3 ratio.
But the size of a TV screen is not given by the length of one of its sides, but by the
length of its diagonal.
A TV screen has measure 15 inches. What are the width and the height of the
screen?

What are the dimensions of a 20 inch screen?
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TWO CONSEQUENCES OF PYTHAGORAS’S THEOREM
ISSUE #1: Suppose m is a line and P is a point not on the line:

What is the shortest line segment that connects P to some point on m ?

Of course we all want to answer that connects P to m at a 90o angle is the shortest
path, but how do we really know that this is indeed the case? Are we really sure
that a line segment at 90o to the line is shorter than any other line segment from P
to m ?

Answer: Yes! Pythagoras’ theorem explains why.
Label the lengths as shown. Then Pythagoras’s theorem gives:

c2 = a2 + b2
This says that c 2 equals a 2 plus something more, so c 2 > a 2 .
Since we are dealing with positive lengths, c 2 > a 2 can only happen if c > a .
Thus a is indeed less than any other length c.

□
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PRACTICE EXERCISE: Establish that the side opposite the right angle in a right
triangle really is the longest side of the triangle.

That is, in this picture, establish:

c > a and c > b .
Answer:
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ISSUE #2: Is it really the case that the straight path from a point A to a point B
is shorter than a path that visits another point C?

That is, is the path “A to C to B” really less efficient than the direct path from A
to B?
Answer: YES! Pythagoras’s theorem tells us so!
Draw a line from C to AB at a 90o angle.

Label the lengths as shown. By Pythagoras’s theorem:

x 2 = z12 + h 2

and

y 2 = z2 2 + h 2

x 2 > z12

and

y 2 > z12

x > z1

and

y > z2

and so
yielding

Consequently:

x + y > z1 + z2
This shows that the straight path is indeed shorter than any path that follows
a “triangular hump.”
□
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THE TRIANGLE INEQUALITY
Question: Is it possible to have a triangle with one side 6 inches long, another side
5 inches long, and a third side 13 inches long?

WARNING: Just because there’s a picture it doesn’t mean that what is indicated
by the picture exists!
Answer: We have just proven that a “triangular path” must be longer than a
straight path. Notice that the path of length 6 + 5 is not longer than the straight
path of length 13. This triangle cannot exist.
□

COMMENT: This result makes intuitive sense as well. Imagine a chasm 13 feet
wide. With a six foot plank and a five foot plank, could one build a bridge that
reaches across the chasm?

Clearly the answer is no!

□
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Question: Does the following triangle exist?

Answer: No! The path of length 5 + 15 is not longer than the side of length 23. □

Question: Does the following triangle exist?

Answer: No! 101 + 1 is not greater than 103. □

IN GENERAL:

THE TRIANGLE INEQUALITY: For a triangle, the sum of any two side lengths
must be larger than the length of the remaining side.

We have:

a+b > c
b+c > a
a+c >b
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Question: What can you say about this supposed triangle?

Answer: Since 3 + 7 is not longer than 10 this triangle does not exist.

□

COMMENT: Imagine what would happen if indeed we tried to draw a triangle with
side-lengths 3, 7, and 10. Do you see that the “triangle” would degenerate to a
single line segment?

This leads to the following theorem:

Theorem: If A, B and C are three points with the property that AB + BC = AC ,
then the three points are collinear.
Proof: We can’t have a picture with three non-collinear points:

for then the triangular inequality would give us that AB + BC is larger than AC .
The only option is for A, B, and C to, in fact, be collinear. □
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Comment: This theorem generalizes to four or more points. For example, suppose in
this picture lengths x, y, z add to length a.

Then points A, B, C, and D must be collinear. Can you explain why?
(HINT: If the picture is correct as shown, with the four points not collinear, then
the triangular inequality states that length AC is less than x + y and that the
length a is less than AC + z. So how does a compare to x + y + z ? )

EXAMPLE:
The distance between Adelaide and Brisbane is 500 km.
The distance between Brisbane and Canberra is 700 km.
The distance between Canberra and Darwin is 300 km.
The distance between Adelaide and Darwin is 1500 km.
What is the distance between Brisbane and Darwin?
(Explain your answer very carefully!)
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SUMMARY OF KEY RESULTS
PYTHAGORAS’S THEOREM: For a right triangle with sides of lengths p, q and r,
with r the length of the side opposite the right angle, we have:

p2 + q2 = r 2

Consequences …
The shortest distance from a point to a line is given by a segment to 90o to the
line:

THE TRIANGLE INEQUALITY: For a triangle, the sum of any two side lengths
must be larger than the length of the remaining side.

We have:

a+b > c
b+c > a
a+c >b

If A, B and C are three points with the property that AB + BC = AC , then the
three points are collinear.
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EXERCISES:
Question 1: Find the missing side-lengths in the following triangles:
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Question 2: Find the missing lengths in the following triangles. Do not assume that
they contain right angles!
a)

b)

c)

Question 3: A twenty-foot ladder leans against a wall. The base of the ladder is
five feet from the foot of the wall. How high up the wall is the other end of the
ladder?
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Question 4: Sally wants to stretch a rope from the top of a 20 foot tree to a point
on the ground 100 feet away. What length rope will she need?

Question 5: Lashana takes a 300 foot rope to a tree. She ties one end of the rope
to the top of the tree and measures that the other end reaches a point on the
ground 200 feet from the base of the tree. How tall is the tree?
Question 6:
width

What is the length of the diagonal of a rectangle of length 3 and

7?

Question 7: A rectangle has a diagonal of length 2 and a side of length

6
. What is
5

its remaining side-length?

Question 8: A rectangle, with diagonal of length 10 inches, has length two inches
longer than its width. What is the length of the rectangle?

Question 9: A TV screen is a rectangle with sides that come in a 4:3 ratio. If the
diagonal of the screen is 21 inches, what are the length and width of the screen?
Question 10: a) A square has diagonal of length
b) A square has diagonal of length

1
2

8 . What is its side-length?

. What is its side-length?
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Question 11: Consider the following picture:

a) Use Pythagoras’s theorem to explain why we must have a > 3 .
b) Use Pythagoras’s theorem to explain why we must have b > 5 .
c) Use Pythagoras’s theorem to explain why we must have b > a .
(HINT: Label the left side of the diagram and then write formulae for a 2 and b 2 . )

UNIT FIVE:112
Question 12: a) What is the length of a diagonal of a unit square?

b) A line of length one unit is drawn at 90o to the diagonal of a square and a
new “diagonal” is drawn. What is the length of this new diagonal?

c) A line of length one unit is added to the diagram as shown. What is the
length of the next diagonal we obtain?

d) What will be the length of the next line added to the diagram? And the
next?
*************************************************************************

OPTIONAL: On poster board draw and continue this diagram until you have 15 or
so triangles. (A side-length of 2 inches, rather than 1 inch, gives a nicely sized
picture.) Do the triangles come full circle and make a complete loop?
Do you think if you drew even more triangles the diagram would make two full
turns?
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Question 13: What is the length of the diagonal from the top front right corner P
of a cube with side length 1 to the back bottom left corner Q?

Question 14: The following is a three-dimensional picture of three right triangles
meeting at the corner of a room. Find the value of w.
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Question 15: (OPTIONAL) HARD CHALLENGE
Draw equilateral triangles on the side of a right triangle.

Establish that, like Pythagoras’s theorem:

(You will need to know the formula for the area of an equilateral triangle. Although
we’ve only discussed the areas of rectangles thus far, can you nonetheless figure
out this formula using “half base times height.” Look at the fourth practice
exercise in this unit for a means to work out the height of an equilateral triangle
with base of length a.)
Question 16: (HARD) Find the value of h.

HINT: Call AP = x and PC = 21 – x. Write two equations and use them to solve
for x and then for h.
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Question 17: Which of the following are valid triangles? Explain.

Question 18:
a) Draw a triangle with sides 6 inches. 3 inches and 2 inches.
b) Draw a triangle with sides 67 inches, 23 inches, and 95 inches.
a) Is it possible to draw a triangle with one side four hundred times longer than
another?
Question 19: The perimeter of a triangle is the sum of its three side lengths.
TRUE or FALSE? It is possible to draw a triangle with one side longer than half the
perimeter of the triangle.
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Question 20: With 11 toothpicks it is possible to make four different types of
triangles:

(Each side must be a whole number of toothpicks and all eleven toothpicks are used
in each triangle.)
a) Explain why the triangle below is not a valid triangle. (What happens if you
actually try to make it?)

b) List all the triangles one can make with 12 toothpicks. (Again, each edge
must be a whole number of toothpicks and all 12 toothpicks must be used for
each triangle.)
c) How many different triangles can one make with just 3 toothpicks? With 4
toothpicks?
If you are game, write a table of the total number of toothpicks one can make with
N toothpicks for values N from 3 up to 20. Any patterns?
Question 21: The distance from Perth to Brisbane is 2350 miles. From Perth to
Alice Springs it is 1200 miles; from Alice Springs to Wagga Wagga it is 550 miles;
from Wagga Wagga to Bendigo 450 miles; and from Bendigo to Brisbane it is 150
miles.
How far is it from Wagga Wagga to Brisbane? Explain your answer carefully.
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Question 22: OPTIONAL HARD CHALLENGE
Which location for the point P inside a square gives the smallest value for the sum
of distances a + b + c + d shown and why?

Question 23:
A rectangular piece of paper is folded in half in some haphazard manner:

Show, using the triangular inequality, that the perimeter of new shape is less than
the perimeter of the original rectangle.

Question 24: A rectangle, twice as long as it is wide, has a diagonal of length
inches. What is the length of the rectangle? What is its width?

15
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Question 25: Use Pythagoras’s theorem to explain why x must be less than 7 in the
picture below:

Question 26: Use Pythagoras’s theorem to explain why it is impossible for a right
triangle to have all three sides the same length.
Question 27: In this picture F is the midpoint of DP and MF meets DP at a right
angle.

Explain why DM = PM .
Question 28: A snake, 22 inches long, is to be housed in a rectangular aquarium. A
long stick is to be placed diagonally inside the aquarium, 22 inches long, along which
the snake can stretch. Which of the following aquariums have room for such a
stick?
(A)
(B)
(C)
(D)

One
One
One
One

of
of
of
of

dimensions
dimensions
dimensions
dimensions

16 ×15 × 14
10 × 10 ×10
11× 12 × 13
14 × 18 × 4

COMMENT: In each of these questions it does not matter which of the three
numbers one considers to be the length, which the width and which the height. The
length of the longest diagonal will always be the same. (Can you see why?)
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Question 29: A rectangular box has length a inches, width b inches, and height c
inches. Show that the length of the longest diagonal in the box, PQ , is given by:

PQ = a 2 + b 2 + c 2
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Question 30: BONUS OPTIONAL CHALLENGE:

The previous question shows that if a = 4, b = 5, and c = 12, then
PQ = 42 + 32 + 122 = 169 = 13

which is a whole number.
a) Find a set of whole number values for a, b and c that give PQ = 3 .
b) Find a set of whole number values for a, b and c that give PQ = 7 .
c) Find a set of whole number values for a, b and c that give PQ = 9 .
d) Find a second set of whole number values for a, b and c that give
PQ = 9 .

Question 31: Many students like to believe that a + b equals a + b . We can
use Pythagoras’s theorem to show that this simply cannot be true.
a) Here is a right triangle. Explain why x =

a+b.

b) What does the triangular inequality have to say about

a + b ? Can they ever equal?

a + b compared to

UNIT FIVE:121

OPTIONAL EXPLORATION:
A lattice polygon is a polygon whose vertices lie on the points of a square array of
dots.

a) Is the following lattice hexagon equilateral?

b)
c)
d)
e)
f)
g)

Draw
Draw
Draw
Draw
Draw
Draw

an
an
an
an
an
an

example
example
example
example
example
example

of an equilateral lattice quadrilateral
of an equiangular lattice quadrilateral
of an equilateral lattice octagon
of an equiangular lattice octagon
of an equilateral lattice decagon
of an equilateral lattice dodecagon

h) Try drawing an equilateral lattice polygon with an odd number of sides? Do
you think it can be done?
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