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PROMOTIONAL CORNER: Have 

you an event, a workshop, a website, 

some materials you would like to share 

with the world? Let me know! If the work 

is about deep and joyous and real 

mathematical doing I would be delighted 

to mention it here. 

*** 

CHECK OUT the MAA’s new resource 

for middle-school and high-school 

educators: CURRICULUM 

INSPIRATIONS www.maa.org/math-

competitions/teachers/curriculum-

inspirations . Based on the vast and rich 

resources of the AMC, Curriculum 

Inspirations shows how to bring joyful 

and effective problem-solving into the 

classroom and connect it with matters 

curricular. It also illustrates how a single 

puzzle or problem can always serve as a 

gateway to deep mathematical thinking, 

further exploration, and mystery. 

Curriculum Inspirations is marketed to 

students and educators. But it really is a 

resource for all who enjoy delightful 

mathematical thinking and questioning!  

 

PUZZLE: PI EQUALS TWO! 

a) Three pair-wise tangent semicircles 

share the same diameter as shown:  

 
Show that the length of the large red 

semicircle equals the sum of the lengths 

of the two small blue semicircles. 
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b) Show that the length of the red 

semicircle equals the sum of the lengths 

of any set of blue pair-wise tangent 

semicircles along the same diameter. 

 
 

c) With more and more, smaller and 

smaller blue semicircles along the 

diameter we obtain a blue path that 

resembles more and more the straight 

diameter itself. Since the length of the 

blue path is always the length of the red 

semicircle, we can only conclude: 

 

The diameter of a circle equals half the 

circumference of the circle. 

 

Show that this proves the 2π = .  

 

If you find this opening puzzler 

somewhat disturbing have a look at: 

http://www.jamestanton.com/?p=943. 

 

 
THE ARBELOS 

The region enclosed by three pair-wise 

tangent semicircles along the same 

diameter has a multitude of astounding 

mathematical properties: 
 

 
 

Archimedes of Syracuse (ca 287 – 212 

BCE) studied the properties of this 

figure (mathematical historians suggest 

he was the first to do so) and mulling on 

the properties of this shape continues to 

this day. 
 

The figure is known as an arbelos, 

meaning “shoe maker’s knife” in Greek. 

The figure apparently resembles the 

shape of the blade used by cobblers of 

ancient times.     
 

THE AREA OF THE ARBELOS 

Draw the common tangent line to the 

two small semi-circles as shown.  

 
Then: The area of the arbelos equals the 

area of the circle with this common 

tangent line as diameter. 
 

(Looking at the picture, do you believe 

this?) 
 

Reason: As we saw in this month’s 

CURRICULUM ESSAY (October 2013) 

any angle subtended from a diameter in 

a circle is a right angle.  

 
We also saw in that essay that if the 

altitude of a right triangle divides the 

hypotenuse into lengths x  and y , then 

the length of the altitude is h xy= . 
 

Now a semicircle with diameter D  has 

area 
2

21

2 2 8

D
D

π
π   = 
 

. The area of the 

arbelos is thus: 

     ( )2 2 2

8 8 8 4
x y x y xy

π π π π
+ − − = . 
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The area of the (full) circle with the 

common tangent line as diameter is: 
2

2 4

xy
xy

π
π
 

=  
 

.  

These are the same. 

 

Question: What have we already learned 

about the perimeter of the arbelos? It’s 

twice the length of the base diameter?  

 

THE ARCHIMEDEAN CIRCLES 

Fit two circles snugly in the positions 

shown: 

 
These are known as the Archimedean 

circles and Archimedes proved they are 

congruent! 
 

Reason: There’s a clever modern 

method for demonstrating this (called 

“circle inversion”) but we’ll make that 

the topic for an upcoming book!. For 

now, we can employ techniques from 

algebra.  
 

Changing notation, let a  and b be the 

radii of the two small circles so that the 

large circle has radius R a b= + .  

 

Let’s focus on the right Archimedean 

circle first (only because my picture for 

it is slightly less crammed than the one 

on the left!)  

Call the radius of this circle r . 

 

 
Draw a line from the center of the right 

Archimedean circle to the base diameter 

and look at the two right triangles 

formed using the center points of the 

original circles.  
 

The green right triangle has hypotenuse 

b r+  and base b r− , and so the blue 

height is ( ) ( )2 2
4b r b r br+ − − = . 

The yellow right triangle has hypotenuse 

R r a b r− = + − , base 

( )R b b r a b r− − − = − + , and so the 

blue height is also given by 

( ) ( )( ) ( )
22

4a b r a b r a b r+ − − − − = −

Equating gives 
ab

r
a b

=
+

.  

 

Exactly the same work for the left 

Archimedean circle shows that it too has 

radius 
ab

a b+
. (Check this! Actually, 

philosophically, it must!) The two circles 

are congruent! 
 

TOUCH CHALLENGE: Show that the 

circle that snugly encloses the two 

Archimedean circles has the same area 

as the arbelos! 
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Here is an exercise from geometry class: 
 

Two externally tangent circles have radii 

a  and b . What is the length of a 

common tangent segment? 

 
Answer: Draw the radii as shown, 

noting the right angles, and form a 

rectangle. 

 
The green right triangle has legs L  and 

a b−  (assuming a  is the larger radius) 

and hypotenuse a b+ . The Pythagorean 

Theorem then gives 4L ab= . 
 

If the two small semicircles of the 

arbelos have radii a  and b , then the 

length of the common tangent in red is 

4ab . By the result of the beginning of 

this essay, the length of the internal 

tangent is ( )( )2 2 4a b ab= . These 

segments are congruent! 
 

 
 
 

 
 

Challenge: Go further! Prove that these 

segments bisect one another!  
 

This means that these two segments are 

the diagonals of a rectangle. And this  

rectangle sits inside the circle of the 

same area as the arbelos.   

 
 

Further Still: Extend two sides of this 

rectangle. Explain why they intersect the 

two ends of the base diameter! 

 

 
 

MYSTERY APPEARANCES OF 

CONIC CURVES:  
 

1. Draw a series of circles tangent to the 

larger semicircle and one of the small 

semicircles.  

 
Then the centers of those circles trace an 

ellipse! 
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2. Draw a series of circles tangent to one 

of the semicircles and the base diameter 

of the arbelos.  

 
The centers of those circles also trace an 

ellipse. 

 

3. Draw a series of circles tangent to the 

two small semicircles of the arbelos.  

 
Their centers trace a hyperbola. 
 

4. Waiting for a parabola? Draw the 

centers of the circles tangent to one of 

the small  semicircles and the common 

internal tangent line: 

 
 

 

 

 

 

 

 

 

Explanation: Recall that the conic 

curves are defined by distance relations.  
 

A parabola is the set of points 

equidistant from a given point (the 

focus) and a given line (the directrix).  
 

 
 

An ellipse is a set of points with the 

property that its sum of distances from 

two fixed points (its foci) is constant. 
 

 
A hyperbola is a set of points with the 

property that its difference of distances 

from two fixed points (its foci) is 

constant. 

 
 

Question: What have these curves got to 

do with cones? Why the name “conic 

sections”?  (See the final lesson of 

quadratics at www.gdaymath.com for 

some discussion on this!) 
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Consider a series of circles tangent to a 

fixed circle of radius a  and a fixed line.  

 
Each center is the same distance from 

the center of the given circle and a line 

a  units away from the given line. Those 

centers thus lie on a parabola. 
 

Consider the centers of circles tangent to 

two given circles, one inside the other, 

with radii a  and b . 
 

 
We see that the sum of distances of each 

center from the center of the two given 

circles is a constant value a b+ . Those 

centers lie on an ellipse.  
 

If one circle lies outside the other, then 

the difference of the distances is a 

constant value b a− . (Check this.) The 

centers lie on a hyperbola. 
 

These explain the appearances of the 

conic sections in the arbelos. (And 

deflates the excitement of this: There is 

nothing special about the arbelos in 

seeing these!) 
 

Challenge:  Return to this picture: 

 
Show that if two of the circles you draw 

in this diagram happen to just touch, 

then the point of contact is a distance 2a  

from the point A . (Thus all points of 

contacts between circles nestled between 

the left semicircle and the internal 

tangent line themselves lie on a circle!)  
 

Google “arbelos” and you will fall upon 

an overwhelming wealth of information 

about it. Can you find elegant and clean 

proofs to the results you read about?  
 

RESEARCH CORNER:  

The “sqarbelos” is the figure enclosed by 

semisquares sitting on a common 

diameter: 

 
And a “squabula” is the path traced by 

the centers of squares tangent to a given 

line and a given fixed square. 

 
 What’s a squellipse? What’s a 

squyberbola? Do any of the results 

discussed in this essay have square 

counterparts? Hexagonal counterparts? 

N -gon counterparts? (And then let 

N →∞ !)  
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