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WHAT IS A FRACT ION?
Simply put, a fraction is an answer to a division problem.

For example, suppose 6 pies are to be shared equally among 3 boys. This yields 2
pies per boy. We write:

(We could, of course, also write 6+3= 2 or 3j 6 )

-~ 000000

0 - X

two pies for each
individual boy

Here the fgoacbuondDV|5|on problem, is equival en

represents the number of pies one whole boy receives.

I n the same way €

10
sharing 10 pies among 2 boys yields: > =5 pies per boy.

sharing 8 pies among 2 boys yields: —=4

5
sharing 5 pies among 5 boys yields: c =1

and

1
the answer to sharing 1 pie among 2 boys is > which we call one half.
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This final example is actually saying something! It also represents how fractions are
usually taught to students:

If one pie is shared (equally) between two boys, then each boy receives a portion of
a plie which we choose to call ohalf. o

one pie O

two boys —

half a pie for an
individual boy

1 D. \
Thusstudents ar e taught to ass%0|atoet1hle,,,.mumb|e|e 0

In the same way, the picture 2

(And this is indeed the amount of pie an individual boy would receiv e if one pie is
shared among three.)

. . 1 .
is said to represenfse’. done thir

The picture is called O0one f-ér,ﬂhta@tbuntaoﬁptbari s indeed

individual boy receives when one pie is shared among five.

&

an individual receives if three pies are shared among five boys.

3
And the picture i s called oO0three fgitthetamcmrﬂofpia) represen
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EXERCISE 1: Draw a picture associated with the fraction

. . : , 3 .
EXERCISE 2: Draw a picture associated with the fraction 7 Is your picture

really the amount of pie an individual boy would receive if three pies are shared
among seven boys? Be very clear on this!

EXERCISE3: Let 6s now do it backwar ds'! Her e i

This represents the amount of pie an individual boy receives if some number of pies
is shared among some number of boys.

How many pies?
How many boys?

EXERCISE 4: Here is another answer to a division problem:

How many pies?
How many boys?

EXERCISE 5: Here is yet another answer to a division problem:

How many pies ?
How many boys?

3 1
EXERICSEG6: Lei gh sagtsthrtedntiamesésbigasg. 6 | s this

three pies shared among five boys three times as much as one pie shared among
five boys? What do you think?
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EXERCISE 7: Draw a picture for the answer to the division problem 3 Describe

what you notice about the answer.

. . 2 ,
EXERCISE 8: Draw a picture for the answer to the division problem 10 Describe

what you notice about the answer.

o 1 .
EXERCISE 9: What does the division problem 1 represent? How much pie does an

individual boy receive?

o 5 .
EXERCISE 10: What does the division problem 1 represent? How much pie does

an individual boy receive?

o 5 :
EXERCISE 11: What does the division problem c represent? How much pie does

an individual boy receive?

EXERCISE 12: Here is the answer to another division problem. This is the amount
of pie an individual boy receives

How many pies were there in the division prob lem?

How many boys were there in the division problem?

EXERCISE 13: How many pies and how many boys for this answer?

Number of pies:
Number of boys:
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EXERCISE 14: Many teachers have young studen ts divide differently shaped pies

into fractions. For example, a hexagonal pie is good for illustrating the fractions

1
a) Why is this shape used? What does 5 of a pie look like?

b) What does gofapie look like?

1
c) What shape pie would be good for illustrating the frac tions 3 up to g?

EXERCISE 15: TRICKY
Some rectangular pies are distributed to some number of boys. This picture

represents the amount of pie an individual boy receives.

How many pies ?

How many boys?
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THINKINGEXERCISE: Let ds be gruesome. I nstead o
divide boys!

Here is one boy:

What would half a boy look like?
What would a third of a boy look like?
What w ould three fifths of a boy look like?

No need to write anything. Just try to imagine what these answers would be!
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. a : o
IN OUR MODEL ¢é A fraction b represents the amount of pie an individual boy

receives when a pies are givento b boys.

¥pies

TS

/[b

= amount per individual boy

#boys

(Note: We are assuming, for now, that both  gand b are positive numbers.)

EXERCISE 16: What is Z ? Z’P @7 Whatis — for any positive whole number a?
2 7 100 a
1876

EXERCISE 17: What is T’)

EXERCISE18: 01 have no pies to share among s
Use this to make a statement about a division problem and hence a statement about
fractions.

SOME FANCY LANGUAGE ¢

: a . : L
For a fraction b’ the top number a (which, for us, is the number of pies) is called

the numerator_of the fraction, and the bottom number b (the number of pies), the
denominator of the fraction. Most  people insist that these numbers each be whole
number s, but they really dondt have to

Toseewh a't [ mehave somé fent 6 s
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QUESTION : What does represent?

This means assigning one pi & howmuwehwolldadogr oupd of

whole boy receive?
\(&/ one pie

Answer: Two pies!

one pie

We have:

1
QUESTION :What does — represent?

8

Answer: Di stri buting one pie to each ogrtofupdé of a
3 whole pies for an individual boy.

EXERCISE 19: What is the answer to ?
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EXERCISE 20: The answer to is ten. Do you we why? [How many pies are

given to half a boy?]

EXERCISE 21: What is the answerto —?

SCARY COMPLETELY- OPTIONAL CHALLENGE:
Two-and-a-half pies are to be shared equally among four -and-a-half boys!

O 0Od

R

How much pie does an individual (whole) boy re ceive?

This is a very tricky problem. Only atte
very easy way to think about these types of problems a little bit later in this
packet.
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THE KEY FRACTION RULE

a . o
We have that b is an answer to a division problem:

a , o , ,
b represents the amount of pie an individual boy receives when  apies are

distributed among & boys.

What happens if we double the number of pies and double the number of boys?
Nothing ! The amount of pie per boy is still the same:

12
For example, as the picture shows, g and s both give two pies for each boy.

QQQQQ Q00000 COOOO0O

{u

/@
And trip ling the number of pies and tripling the number of boys also does not

change the final amount of pie per boy, nor does quadrupling each number, or one -
trillion -billion -tupling the numbers!

© James Tanton 2009
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This leads us to want to believe a fraction rule:

Xxa a .
FRACTION RULE: b = 5 (for positive numbers at least).
X

For example,

g (sharing three pies among five boys)
yields the same result as

3XZ——6 (sharing six pies among ten boys)
5x2 10 9skxp ’ Y

and as

3x100 30C
= —— (sharing 300 pies among 500 boys).
5x100 50C ( "9 P J ¥e)

Going backwards ¢

20 . :

By (sharing 20 pies among 32 boys)
is the same problem as:

5x4 5 _— . .
= — (sharing five pies among eight boys).
8x4 8

Comment: Most people say we have cancelled or taken a common factor of 4 from
the numerator and the denominator.

Mathematicians call this process reducingt he fraction to simpler termn
made the numerator and denominator each smaller!) Teachers tend to say that we

5 20
are simplifying the fraction. (One has to admit that 3 does look simpler than By )
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As another example §_§8 can certainl y be simplified by noticing that there is a

common factor of 10 in both the numerator and the denominator:

280 28<10  2¢
350 3510 3¢

We can go further as 28 and 35 are both multiples of 7:

2_8_4><7__4
35 5x7 5

Thus, sharing 280 pies a mong 350 boys gives the same result as sharing just 4 pies
among 5 boys!

280 4

350 5

As 4 and 5 share no common factors, this is as far as we can go with this example
(while staying with whole numbers!) .

14

EXERCISE 22: MIX AND MATCH: On the top are some fractions that have not
been simplified. On the bottom are the simplified answers, but in random order.
Which simplified answer goes with which fraction? (Notice that there are less
answers than questions!)

10 gl 24000 24 i3 I
1. = 2. = 3. 4. 7 5. = 6.

a0

goes with
goes with
goes with
goes with
goes with
goes with

o0 kwhNPE
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EXERCISE 23: Jennysaysthatgdoes oOoreduced6 further i

away from whole numbers. She writes:

4 2x2 2
5 Ll Lt
2 2

Is she right? Does sharing 4 pies among 5 boys yield the same result as sharing 2

pies among 2% boys?

What do you think?
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ADDING AND SUBTRACTING FRACTIONS

- , 2 3 _
Here are two very similar fractions: = and 7 What might it mean to add them?
I't might be tempting to say é

2 , ,

= represents 2 pies being shared among 7 boys

g represents 3 pies being shared among 7 boys

2
SO ?+§’ probably represents sharing 5 pies among 14 boys, giving the answer 1%

That i s, it is very tempting to say that
add boys. o

The trouble is that a fractio  nis not a pie, and a fraction is not a boy. (So adding
pies and adding boys is not actually adding fractions.) A fraction is something
different. It is related to pies and boys, but something more subtle. A fraction is

an amount of pie per boy.

One waadd pies, one candt add boys. One
boys receive.

Letds take it slowly:

Consider the fraction 7 Here is a picture of the amount an individual boy receives

when two pies are given to seve n boys:

Consider the fraction 7 Here is a picture of the amount an individual boy receives

when three pies are given to seven boys:

@

© James Tanton 2009
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The sum §+g corresponds to the sum:

SOACPRICS

: : 5
The answer, from the picture, is 7

Most people read this as 0Two sevenths plus thr

and think that the problem is just as easy as
gives five apples. OreAghti, in the end, they a

O+@ =D

2,3.3
77777

This is how the addition of fractions is first taught to students: Adding fractions
with the same denominator seems just as easy as adding apples:

4 tenths + 3 tenths + 8 tenths = 15 tenths

4 3 8 15
+—+—=
10 10 10 1C

(and, of course, 1—5=5435|mpllf|es to §).
10 5x 2 2

82 sixty -fifths + 91 sixty -fifths = 173 sixty -fifths

82 91 17/:¢
65 65 65

We are really adding amounts per boy, but the answers match the same w ay.

EXERCISE 24: Is subtraction of fractions manageable, at least for fractions with

4 1
a common denominator? What is 400_ 170 for example?
903 903

© James Tanton 2009
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This approach to adding fractions suddenly becomes tricky if the denominators

. .21
involved are not the same common value. For example, what is c + 5?

+ =7

Letds phrase this question in terms of pies and
Suppose Poindexter is part of a team of a five boys that receives two pies, and

then later part of a team of three boys th at receives one pie. How much pie does
Poindexter receive in total?

. _ 2 1
a) Do you see that this is the same problem as computing c + 5?

b) What might be the best approach to answering this problem?
Think about the challenge before reading o n. It is actually a very difficult problem!

I f you have any thoughts, write them here. I f vy
how to do this, thatds okay!
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One way to think about answering this addition question is to write = in a series of

alternative forms using our fraction rule (that is, multiply the numerator and
denominator each by 2, and then each by 3, and then each by 4, and so on) and to do

1
the same for 5 é

.
5 3
4 2
10 6
3

9

8 4
20 12

é and t hen wechrnseedwocanmantdenominators. We see that the

2 1. 6 5 11
problem —+ — is actually the same as — + —, and so has answer —.
5 3 15 1 15

1 6 5 11

2
_+_ R
5 3 15 15 1<
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3 3
As anot her exommmlge—'let

—: 0
10
3 3 _ 27
2 o+ = = £°
8 10 40
6 6
16 20
9 -l
24 30

COMMENT: Of <course, one doesnd6t need to |ist all
fraction in order to find a common denominator. If you can see a common
denominator right away (or can think of a method that always work s), go for it!!

1 1
EXERCISE 25: What is > + 5? The answer is some number of sixth s. How many

sixths?
.2 37
EXERCISE 26: Whatis —+— ?
5 10
.1 3
EXERCISE 27: Whatis —+—7?
2 10
.2 5
EXERCISE 28: What is §+??
01 1 1
EXERCISE 29: Whatis —+—+-="2
2 4 8

3473497

EXERCISE 30: Whatis —+—+-—+—+—7"
10 25 20 5 5(
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Letds do subtracti on.

EXERCISE 31: What is 1—3?
10 10
T 3
EXERCISE 32: Whatis ———7?
10 20
o101
EXERCISE 33: Whatis ———=7?
3 5
EXERCISE 34: What is 3—2+—2?
35 7 5
EXERCISE 35: What is 1—}——1——1?
2 4 8 16

Herefs a good question!

EXERCISE 36: Which is larger: g or 121?

What is a good way to approach this? Perhaps write each fraction with a common
denominator?
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MULTIPLYING FRACTIONS

We saw in the previous sections that a fraction is simply an answer to a division
problem dthe amount of pie an individual boy receives when several pies are shared
among several boys.

2 . .
For example, 3 is the result of sharing two pies among three boys.

two pies

O O
- 6

2/3 of a pie per
individual boy

Pies do not have to be round. We can have square pies:

it -

2/3 of a pie per
individual boy

Or triangular pies, or hexagonal pies, or wibbly -wobbly pies.

© James Tanton 2009



In this section we shall work with straight  -line pies!

- u

|

2/3 of a pie
This picture represents two thirds, that is 3 of a st raight
line pie.

EXERCISE 37: How much pie per boy does
represent?

EXERCISE 38: How much pie per boy does

represent?

© James Tanton 2009
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Letds try to multiply fractions.

In geometry, multiplication of numbers corr esponds to an area problem. For
example, the product 23x 37 is the area of a 23 -by-37 rectangle:

37

23 area = 23x37 = 851

. 4 2
So the product of two fractions, say, 7>< 3 should also correspond to an area
problem.
Let 6 s agaiaangtetbat this tinge divide one side -length into sevenths

(share the line segment among seven boys!) and the other side -length into thirds
(share the side among three boys!).

We can now mark off four sevenths and two thirds.

—_— 23—

4/7

and we see that the rectangle is divided into 21 pieces in all.
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If we shade the region of interest to us we count 8 shaded pieces.
And, viewing this picture as a rectangular pie, we see that this picture corresponds

to the fraction E )
21

The shaded region is the area we seek, the one that corresponds to the area

problem gx % So we must have:

THINKING EXERCISE:
4 2 . : .
The area problem 2 X 3 yielded a diagram wi th 21 small rectangles. Is it a

coincidence that 06216 happens to equal s

4 2
The area problem ?x 3 yielded a diagram with 8 small shaded rectangles. Is it a

coincidence that 0806 equals four times t

What do you thin k?

, 3 5 ,
EXERCISE39: Use this orectangle Zméa Drhvotlde ictireoto ¢

see the answer clearly,

EXERCISE 40: What is the answer to § X E ? What is the answer to E X l ?
8 10 11 12

EXERCISE 41: Compute the following products, simplifying each of the answers as
much as possible:
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EXERCISE42: Compute the following produc

31 2 5 7 88 541 77876 311
a) —xX—=X— b) =x— C) —x—— d) X
4 3 5 5 8 88 788 311 7787¢

(Make good use of the fraction rule X—‘S = % before you do any arithmetic!)
X

. Xxa a. R .
THINKING EXERCISE: Ralph says that the fraction rule _b:B i s o0obvi ¢
X

you think in terms of multiply ing fractions. He reasons as follows:

We know mul tiplying anything by 1 doesng

1x4=4
1x 3565= 356!
l><§:E
7 7
So 1><E=§.
b b
NOWZ equals 1, so this means that g>< a must still be E. So @ = 9.
2 b b 2b b
3 . 3 a . a 3a a
Now — equals 1, so this means that —x— must stifbe —.So —=—.
3 b b 3b b
And so on.
Do you agree with Ralphds insight?

X
How might Ralph explain why —‘2 = % is true?
X

© James Tanton 2009



27

Many students are taught to multiply fractions by numbers by using the method of
multiplying fractions by fractions. For example, to compute:

2x —

think o t% aid2hén cangute:

This has the answer: (—73 )

The statement 2x§ = —3 can also be interpreted as:
Suppose three p ies are shared among seven boys. (This is ; .)
To double the amount of pie each boy receives (2% g ) just double the

number of pies (that /s, make it g ).

Another way to think about this:

Doubl e othree seventhso s clearly o0si x seve

THINKING EXERCISE: Do you like any of these interpretations?

As another example:

IN
X
0w

equals

S
oo|',$J

w
IN

and of course th is simplifies =

2l
N
N_Ioo

© James Tanton 2009



Hereds another example of a

10x2 102 102
15

Rat her than multiply out the
factors and simplify the fraction:

And a third example:
212 8 21z
8x—=
16 16

Letds avoid work a3adlSmotice

8-212: 8 212: 212:106
16 8 2 2

numer at or

t hat 16 is

28

EXERCISE 43: Compute each of the following, writing your answers in simplified

form. Avoid extra arithme tic if you can!

a) BXZ b) 17><g c) 1O><E d) §><4 e) 11><3—6
5 3 5 4 33
3 7 5 4 13 7
g) —x— h) —x—=x—x—
7 5 13 7 2 10

n 13,04
12

133
EXERCISE 44: Compute 1—12>< 224 in less than six seconds!

© James Tanton 2009
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EXERCISE 45: a) Compute 6xg.
7

b) Compute 18x —.
18

¢) What can you say a bout bx% ?

m
d) What can you say about Y xn?

COMMENT : REMEMBER PARTS c) and d) OF THIS QUESTION!

EXERCISE 46: Ibrahim was asked to compute:
18 70
—_— X _—
7 36

and, within three seconds, said that the answer was 5. He was right! How did he see
this so quickly?

EXERCISE 47: What is the value of ga>< 1—4’?
35 13

© James Tanton 2009
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SOME JARGON
Many people like to name things. (The reason for this is not always clear!)

A fracti on with a numerator smaller than its denominator is called a proper

: 45 | .
fraction . E.g. o3 IS a proper fraction.

A fraction with numerator larger than its denominator is called an improper

, 7. . : .
fraction . E. g. 3 is an improper fraction. (In the 1800s, these fractions were

called vulgar fractions . Despite nineteenth -century views they are useful
nonetheless!)

For some reason that doesnd6t r esalelconsideradk e sense,
well, improper by some teachers and students are made to write improper fractions
as a combination of a whole number and a proper fraction.

. 7 . . .
Consider, for example, 3 If seven pies are shared among three girls, then each girl
will certainly receive 2 whole pies, leaving one pie over to share among the three

) 7 1 .
girls. Thus, 3 equals 2 plus 3 People write:

T o1
3 "3

1 1 1
and call the result 25 a mixed number . (One can also write 2+§ , Which is what 25

really means, but most people choose to suppress the plus sign.)

. 23 . R . .
As another example, consider Z.Thenumber 4 certainly 0goes intobo

and leaves a remainder of 3, which is still be divided by four. We have:

23_g3
4 4

© James Tanton 2009
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. . . 2
EXERCISE 48: Write each of the following as a mixed numb er. (For example, %

2
equals 6—.
q 5 )

a) 17 b) 8 c) 100 d) 200
3 5 13 199

Mathematically there is nothing wrong with an improper fract  ion and many
mathematicians prefer improper fractions over mixed numbers.

1 1
Consider, for instance, the mixed number Zg . Thisisreally 2+ %

For fun, | et 6 s wr iftacionwitheenominatdr e five:2 as a

Z_Z_ZXS_E)
1 1x5 5

1
So the number 25 is:

1 10 1
2+==—+—=
5 5 5

11
5

1 11
Wedve written t h29§ amthexirapdopen fractiine rg.

EXERCISE 49: Convert each of th ese mixed numbers back into proper fractions:

a) 31 p st 01> d) 200——
4 6 11 200

COMMENT: Students are often asked to memorizethena mesopr oper fraction, 06
oi mproper fract i on ¢sotat dhey can fallenddirections bngasts
and problem sets.

But, to a mathematician, these names are not at all important!!

There is no o0correctdé way to exemnseesis an answer
mathemat ically the right number!).

Just decide for yourself as you do your mathematics which type of fraction would
be best to work with  as you do your task .

© James Tanton 2009
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DIVIDING FRACTIONS

. 2 . 3 . )
Here is a nasty problem: 75 pies are to be shared among SZ girls. How many pies

per individual girl does this yield?

72

Technically, we could just write down the answer as —g’ and be done! (Thisis
5f
4

indeed the correct fraction for the problem!) Is there a way to make this look

friendlier?

Recall the key fraction rule:

Letds multiply the numerator and denominator
choice of number. Right now we have the expression:

7Z 7+Z
3__ 3
5§ 5+§
4 4
Letds multiply by 3. (Why three?)
74—g x 3
3 21+ 2
(5+3j 3 15+§
4 4

a
(Recall that BXb equals a.)

Letds now mul ti pEknpmimatorreach iy ¢.dwhy doord®) d

21+2x4 84+8 92
(15+?JX4 60+9 69

92 2 3
We now see that the answer is 59’ Sharing 75 pies among SZ girls is the same as

sharing 92 pies among 69 girls!

© James Tanton 2009
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As another example, consider —f .

Multiplying the numerator and denominator each by 2 should be enough to simplify
the expression:

1 1 1
= e 3+— |
3_2_3+2_( 2) 641 7
1, 1 (. 1) . 2+1 3
- 1+- |1+=|-2
2 2 ( 2}
42
EXERCISE 50: What fraction is —i’ in disguise?
5f
3
o1
EXERCISE 51: What fraction is —i’ in disguise?
Zf
4
14
EXERCISE 52: What fraction is —g in disguise?
27
10
3
EXERCISE 53: What fraction is % in disguise?
5

© James Tanton 2009
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Without realizing it, we have just learned how to divide fractions.

4 Y .
For exampl e, g—e;t Bezall, ¢hat i fragtibreis just a division problem

, . 3 . 4 . .
and here we are being asked about sharing = of a pie among = of a girl(!). That is,

we are being asked to compute:

3
)
4
7
Letds multiply numerator and denominator each b
3
g><5_i
4.5 20
7
Letdéds now multiply top and bottom each by 7:
3x7 21
@” 20
7
Done!
~ 5 8 - .
Letds do anothe1§+1—1,Lthatt|sos consi der
5
9
8
11
Letds multiply top and bottom each by 9 and by
5
§X9X11_5x11
8 ox11 89
11

(Do you see what happened here?)

© James Tanton 2009



and so:

5
9 5x11 55
8 8x9 72
11

EXERCISE 54: Compute each of the following:

2 3 5 7 3 5

45 902 .
EXERCISE 55: Compute 4—5—® Do you see what the answer simply must be?

10 2 .
EXERCISE 56: Compute E_E Any general comments about this one?

© James Tanton 2009
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THINKING EXERCISE:

Consider the problem S + ! .
12 11
Janine wrote:
5 5
E_ 1—2><12>< 11_ 5x11__5><£1
’ 1><12>< 11 7x12 12 7
11 11

and then stopped before completing herf inal step.

a) Check each step of her work here and make sure that she is correct in what
she did up to this point.

Janine then exclai med: o0Dividing one fr g
the first fraction with the second fraction upside dow n. o

b) Do you see what Janine means by this from her example?

c) Is she right? Is dividing two fractions always the same as multiplying the
two fractions with the second one turned upside down? What do you think?

3

Work out l. Isth e answer the same as §>< 1—3?
i 7 4
13
2

Work out i. Is the answer the same as Z X E)?
i 5 3
10
a

Work out % . Is the answer the same as Ex % ?
d

© James Tanton 2009
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THINKING EXERCIS E:

Some teachers have students solve fraction division by rewriting expressions via a
common denominator. For example, to compute:

3.2
43
rewrite the problem as:
2.8
1212

The claim is then made that the answer  to the original problemis 9+ 8= g .

a) Does §—2 indeed equal g?
4 3 8

5 7 . : .
b) Work out 2 + 3 via the method of this section, and then again by the

method described above. Are the answers indeed the same?

Why do you think this o0common denominatg

THINKING EXERCISE:
12 4
Work out — + 3 and show that it equals —.
15 5 3

Now notice that

12+ 3=1

15+ 5= 3
and

12 3 4

15 5 3

?

. o a ¢
Is this a coincidence or does b + q always equal
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ALGEBRA CONNECTIONS
(for those with upper high school mathematics experience)

In an advanced alg ebra course students are often asked to work with complicated
expressions of the following ilk:

=

1
=+
X

We can make it look friendlier by following exactly the same technique of the
previous section. | n t hesumaatoanampder®minaloreebach s mul t i p
by X. (Do you see why this is a good choice?) We obtain:

1
“+1 [xXx
(x+ jx _1+x

HEae

1+x .
and 3 is much less scary.

As another example, given:

one might find it helpful to multiply the numerator and the denominator each

by a and theneach by b:
1.1 xaxb
a b b—a

abxaxb &8
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and for

w+1° o

it might be good to multiply to p and bottom each by w-+1 z:

w+l® -2 w1’

1 .5 +5ws1’

w+1

EXERCISE 57: (OPTIONAL)  Make each of the following expressions look

less scary:

b) X+ h

d) X+a X
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MULTIPLYING AND DIVIDING BY NUMBERS BIGGER AND
SMALLER THAN ONE

People say that multiplying a quantity by a number bigger than one makes the
answer bigger. Is this true?

. 5 , L
For instance, 2 represents mo re than one pie. Does multiplying 100, for example,

by %give an answer bigger than 100?

We | | é Yes:

5,100=299_ 156
4 Z

Doesmultipl yi ng any nu ml)(eby,?1r givedan énsweclagderlthar tX ?

. L ) 5 ) 1
The answer is yes, and here it is good to write Z as a mixed number, 1Z , to see

why. (Ah é mixed numbers are good for something

2% =(1+3jx
4 4
“1x+1.x
4

= X + more

Yes, the answer is bigger than X

- 8 . :
EXERCISE 58: Show that multiplying a number by 3 is sure to give a larger

answer.

20
EXERCISE 59: Show that multiplying a number by 9 is sure to give a larger

answer.
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Does multiplying a quantity by a number smaller than one makes the answer
smaller?

. 4 , . . o
Consider T for instance. This represents less than one pie. Does multiplying 100 by

it give a smaller answer?

4,100=299_ g¢
5 5

Yes!

Does multiplying any number X by g give an answer smaller than X ?

. . . 4 . .
The answer is yes but we need to be tricky and write T as a mixed number in an

unusual way!

Notice that ﬂ+ } =1, and so il =1——1. Thus:
5 5 5 5

ﬂ>< X =(1—}j X
5 5
= X—E-X
5
= smaller tharK

7
EXERCISE 60: Show that multiplying a number by 3 is sure to give a smaller

answer.

5
EXERCISE 61: Show that multiplying a number by 9 is sure to give a smaller

answer.
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Now | et & sdiviingnasnunber by a quantity smaller than one. For example,
: - 4
will 100 divided by ggl ve an answer smaller or | arger

100 100« 5 500

=125

4 45
5 5

The answer is larger!

In general:
X Xx5 5X 5
7% . 4 3%
— —=x5
5 5

and we know that gx X will be larger than X . (We did this two pages ago!)

7
EXERCISE 62: Show that dividing a number X by 3 will give an answer larger than
X.

. 8 .
EXERCISE 63: Show that dividing a number X by 5 will give an answer smaller

than X.
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FRACTIONS INVOLVING ZERO AND NEGATIVE NUMBERS

. , . : 0 ,
Sharing zero pies among seven boys gives zero pie per boy: 7 =0. And it seems
reasonable to say:

% o
a
for any positive number a. But what if things are flipped the other way round?

a . . 0
Does 6 make sense? Can we give meaning to6?

One checks whether or not a division problem is correct by performing
multiplication. For example:

6

5 =3 is correct because 3 times 2 is indeed 6.

20 ) ) . .

— =4 s correct because 4 times 5is indeed 20.

1
=36 is correct because 36 times E is indeed 18.

NPl

A THINKING QUESTION:

. 5 .
a) Cyril says that 0 equals 2. Why is he not correct?
5 .
b) Ethel says that 0 equals 17. Why is she not correct?
. 5 .
c) Wonhi says that 0 equals 887231243. Why is he not correct?

: 5 : .
d) Duane says that there is no answer to 0 Explain why he is correct.
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A SECOND THINKING QUESTION:

Cyril say s that % equals 2.
0
Ethel says that 0 equals 17.

, 0
Wonhi says that 0 equals 887231243.

Why do they each believe that they are correct?

What might Duane say here?

Toanswerthese questions ¢é

Notice that if g= 2, as Cyril says, then we should have that 2 times 0 is five,

according to the check. This is not correct.

In fact, the check shows that there is no number X for which g= X.

On the other hand, Cyril says that %: 2 and he believes he is correct because it
. . 0
passes the check: 2 times 0 is indeed zero. But so too does 0 =17 and

g: 88723124 pass the check! In fact, g: X passes the check for any number X.

. a . . .
The trouble with 0 (with a not zero) is that there are no meaningful values to

. . . 0. :
assign to i t, and the trouble with 0 is that there are too many possible values to

give it!

In general, most people would say that dividing by zero is simply too problematic to
be done! They say itis best to avoid doing so and never will  allow zero as the
denominator of a fraction. (But all is fine with O as a numerator.)
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